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Abstract — This paper concerns with an interesting Diophantine
problem and aims at determining explicitly three non-zero
distinct integers a, b, ¢ such that, a+b+N,a+c+N,b+c+N and

a+b+c+N isa perfect square. A methods has been considered to
obtain the three required integers &, b, C . This shows that there

are many triples in integers, each satisfying the considered kind
of pattern among its members.

Index Terms — Diophantine Problem, Integer Triple, System of
Equations, 2010 Mathematics Subject Classification: 11D99,
11D09.

1. INTRODUCTION

The problem of constructing the sets with property that product
of any two of its distinct elements is one less than a square has
a very long history and such sets we have studied by
Diophantus [1]. A set of m positive integers

{a,,a,,a5,....... a,} s said to have the property D(n) ,
neZ—{0} if aa;+n is a perfect square for all

1<1i< j <m and such aset is called a Diophantine m-tuple
with property D(n).

Many mathematicians considered the construction of different
formulations of Diophantine Triples with the property D(n) for
any arbitrary integer n and also, for any linear polynomials in
n. In this context, one may after [2-19] for an extensive review
of various problems on Diophantine Triples. In [20-23], the
construction of special Dio — Triples, special Dio — Quadruples
are considered and the special mention is provided because it
differs from the earlier one and the special Dio-Triple (special
Dio-Quadruple) is constructed where the product of any two
numbers of the triple (quadruple) with addition of the same
member and the addition with a non-zero integer or a
polynomial with integer co-efficients satisfies the required

property.
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This paper aims at constructing an interesting triple where, the
sum of any two members of the set or their sum such that, if a
non- zero integer is added to the sum of any pair of them as
well as to their sum, the results are all squares.

2. METOHD OF ANALYSIS

Let N be any given non-zero integer. Let a, b, ¢ be three non-
zero distinct integers such that

a+b=x2+2(N ~Dx+(N —1)2—N (8]
b+c=x2+2(N—2)x+(N—2)2—N 2
a+b+c:x2+2(N+5)x+(N+5)27N 3)

From (1) and (3), we get

€ =12x+12N +24 4
From (2), note that

b=x2 +2Nx+ N2 —8x—9N — 20 (5)
From (3) and (2), we get

a=6x+6N+21 (6)

It is noticed that each of the expressions
a+b+N,b+c+N,a+b+c+ N isa perfect square.

Now, a+c+N =18x+19N +45=y? (say) )

Let (X,, Y,) be any solution satisfying (7). Then, after a few
calculations, it is found that the general values of x and y in
terms of X,, Y, are given by [24]

Xn = Xo +NZa—2ny, (8)

Yo = (D" (Y, —na)
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and C are distinct are to be considered. A few numerical
examples of @,b and C for N =57are presented in the Table

Substituting the values of X in (4)-(6), we obtain the required
triples. Note that on employing (8), many triples are generated

and it is worth mentioning that the values of X for which a,b 1 below:
N n a C
Yo Xo b
5| 18&-11| 0 18k 2 — 22k 108k? —132k + 45 (18k2 —22k)2 - 40 216k2 — 264k — 72
1 18k2 58k +40 | 108k —348K + 285 (18k % — 58k + 40)? 216k ? — 696k + 552
- 40
2 18k2 —94k +116 | 108k2 —564k + 741 (18k2 — 94k +116)2 216k2 —1128k +1464
—40
3 | 18k?-130k +228 | 108k — 780k +1413 (18k? —130k + 228)? 216k? —1560k + 2808
—40
S| 18&-71 0 18k2 +14k —4 108k 2 +84k + 21 18k? +14k — 4)2 216k > —168k + 24
( )
—40
1 18k% —50k +28 | 108k —300K + 213 (18k 2 — 50k — 28)2 216k 2 — 600K + 408
- 40
2 18k% —86k +96 | 108k2 —516k +621 (18k% — 86k +96)° 216k? —1032k +1224
—40
3 | 18k% 122k +200 | 108k% — 732k +1245 (18k% —122k + 200)2 216k2 —1464K + 2472
—40
5 | 18k-14| 0 18k 2 — 28k +1 108k 2 —168k + 69 (18k 2 — 28k +1)2 216k 2 — 336k +120
+108k 2 —168k — 28
1 18k2 —6ak +47 | 108k2 384k +345 (18k? — 64k + 47)2 216k 2 — 768K + 672
108k 2 — 384k + 248
2 | 18k%-100k+129 | 108k2 —600k +837 (18k 2 —100k +129)2 216k? —1200k +1656
+108k ? — 600K + 740
3 | 18k?-136k+247 | 108k2 —816k +1545 (18k? —136k + 247)° 216k — 1632k +3072
108k 2 ——816k +1448
7| 18&-4| 0 18k2 -8k -9 108k2 — 48k +9 (18k 2 —8k — 9)2 216k ? — 96k
+108k? — 48Kk +9
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1 18k2 — 44k +17 108k 2 — 264k +165 (18k? — 44k +17)2 216k 2 — 528k +312
+108k2 — 264k + 68
2 18k% —80k +79 | 108k2 — 480k + 537 (18k 2 —80k +79)2 216k? — 960k +1056

+108k 2 — 480k + 440

3 18k2 —116k +177 | 108k2 — 696k +1125

(18k 2 —116k +177)2 216k —1392k + 2232

+108k 2 — 696k +1028

Table 1 Numerical Examples

3. CONCLUSION

In this paper, we have considered an interesting Diophantine
problem of constructing triples, which are such that, in each
triple, the sum of any two as well as their sum, when added
with a non-zero integer, represents a perfect square. The beauty
of many Diophantine problems lies in the fact that they are
neither trivial nor difficult to analyze. To conclude, one may
investigate several further add new explicit Diophantine
problems.
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